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Abstract. We prove a logarithmic convexity result for exponentially weighted 
L 2 -norms of solutions to electromagnetic Schrodinger equation, without need- 
ing to assume smallness of the magnetic potential. As a consequence, we can 
prove a unique continuation result in the style of the Hardy uncertainty princi- 
ple, which generalize the analogous theorems which have been recently proved 
by Escauriaza, Kenig, Ponce and Vega. 



1. Introduction 

This paper is concerned with sharp decay profiles, at two distinct times, of L 
solutions to an electromagnetic Schrodinger equation of the type 

(1.1) dtu = i (A a + V) u, 

where u = u(x,t) : M" +1 ->• C, A = A(x) : M™ -> K™, V = V(x,t) : R" C, and 
we use the notations 

V^:=V-a, A A := (V - iAf . 

Our main goal is to start with a project devoted to understand sufficient conditions 
on solutions to (II. ip . the coefficients A,V, and the behavior of the solutions at 
two different times which ensure the rigidity u = 0. This follows a program which 
has been developed for the magnetic free case A = by Escauriaza, Kenig, Ponce 
and Vega in the last few years in the sequel of papers [U El El [8], and more 
recently with Cowling in 2 . Their main motivations is the connection between 
unique continuation properties of Schrodinger evolutions and the so called Hardy 
uncertainty principle (see e.g. |17|). which can be briefly stated as follows: 

If f(x) = O ^ e 1$ ^ and its Fourier transform /(£) = O ^e -4 ^' l a , then 
a/3 < 4 => f = 

a/3 — 4 =^ / is a constant multiple of e p r . 
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Due to the strict connection between the Fourier transform T and the solution to 
the free Schrodinger equation with initial datum / in L 2 , namely 

u(x,t) := e ltA f{x) = {2irit)-^e^F (e 1 ^ f 

the Hardy uncertainty principle has a PDE's-counterpart, which can be stated as 
follows: 

Ifu(x,Q) = O {e-\ x \ 2 /^ andu(x,T) := e lTA u{x, 0) = O {e'^ / a ^ , then 
a/3 < AT => u = 

aft = 4T => u(x,0) is a constant multiple of e (/3 7+4T )' a: ' . 

The corresponding L 2 -versions of the previous results were proved in [161 and affirm 
the following: 

e^' \{x, 0) e i 2 , e^ 2/a2 e tTA u{x, 0) e L 2 , a/3 s? 4T ^ u = 0. 

Obviously, without loss of generality, we might restrict our attention to the case 
T = 1. An interesting survey about this topic can be found in pQ. 

One of the major contributions of the authors of [HI HI El IH1 El IB] was to deeply 
understand the relation between these kind of properties and the logarithmic con- 
vexity property of exponentially weighted L 2 -norms of solutions to Schrodinger 
equations (see also [3], [9] for analogous results concerning unique continuation 
from the infinity). This permits to perform purely real analytical proofs, and then 
allows rough coefficients in the differential equations, which are difficult to be han- 
dled by Fourier transform or general complex analysis tools. For example, in [5] and 
[7] the authors considered any bounded potential of the form V = V\{x) + Va(a;, t), 
possibly being V2 complex- valued, without assuming any Sobolev regularity and 
any smallness condition on the two components; in this situation, they were able 
to establish the analog to the above statements, in the cases a/3 < 2 first ([§)), and 
the sharp af3 < 4 later ([7]), for T = 1. The strategy can be roughly summarized 
as follows: 

• Assume e'^' l& u(x, 0), e' 31 ' l a e lA u(x, 1) G L 2 and prove a logarithmic 
convexity estimate for the quantity H(t) :— ||e 9 ^ , *'u(t)||i2 of the type 
H{t) < -ff (0)*-ff (l) 1- *, where g is a suitable function, bounded with respect 
to t and quadratically growing with respect to x. This shows that a gaussian 
decay at times and 1 is preserved (and in fact improved) for intermediate 
times. 

• Start a self-improvement argument, by suitably moving the center of the 
gaussian as e a (*)l x + 6 (*)l , based on analytical estimates (Carleman estimates; 
this leads up to the non-sharp result af3 < 2, see [6]) or on the logarithmic 
convexity itself (this leads to the sharp result af3 < 4, see [7j), which finally 
gives the rigidity u = 0. 

Amazingly, proving these results in a rigorous way represents not just a considerable 
technical difficulty, but also a conceptual obstacle which, if avoided, could bring 
to misleading results. To overcome this problem, the above mentioned authors 
introduce a small artificial dissipation term in the equation which turns out to be 
fundamental, and finally let it tend to zero. 
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It is quite natural to claim that, with some efforts, some small first-order terms 
can be introduced in the argument by Escauriaza, Kenig, Ponce and Vega without 
loosing the results. The aim of this paper is to understand in which way the un- 
certainty can be described in the presence of first-order perturbations in covariant 
form, as in (11.11) when i / 0. Precisely, our goal here is to obtain similar re- 
sults without assuming any smallness conditions on A and possibly respecting the 
mathematical properties of the quantities which are behind these kinds of models. 

We continue to introduce the terminology and notation required to state the 
main results of this paper. 

Let A = (A 1 (x), . . . ,A n (x)) : M™ -> M™, with n ^ 2, be a vector field, which 
we will usually refer to as a magnetic potential, and denote the magnetic field by 
B(x) = DA{x) — DA t (x), the anti-symmetric gradient of A, namely 

B e M nXn (R), B jk {x) := A){x) - A{(x). 

From now on, given a scalar function /, we always use the notation f k (x) — d Xk f(x), 
while an upper index will denote the component of a vector. In dimension n — 2, B 
is identified with the scalar function B=curlA = A\ — A\\ the same identification 
holds in dimension n = 3, where now curl A is a vector field and 

v t B = vxcnr\A Vw G K 3 , 

the cross denoting the vectorial product in M 3 . Since equation (jl.ljl is gauge in- 
variant (see Section 12.11 below), it is always important to keep in mind that the 
physically meaningful quantity is the magnetic field B, while the potential A is a 
mathematical construction. This fact has to be considered when we state a the- 
orem, since a meaningful result should not depend on a particular choice of the 
gauge. 

As it will be clear in the sequel, another relevant object is the vector-field ^(x) := 
x B(x); in 3D, it can be interpreted, modulo its intensity, as a tangential projection 
of curl A, since 

x t B{x) = x x curlA(x) = \x\B T (x), n = 3 

following the notation B T — ^B introduced in [10 . As we see in (|1.5I) below, 

x l B is essentially the only component of B on which one needs to make suitable 
assumptions, in order to obtain a Hardy uncertainty principle. 
We can now state the main result of this paper. 

Theorem 1.1. Let n ^ 3, and let u <G C([0, 1]; L 2 (R™)) be a solution to 

(1.2) d t u = i(A A + Vi(x) + V 2 (x,t))u 

in R n x [0, 1], with A = A(x) : E n -» W\ V x = V x {x) : R n ->• R, V 2 = V 2 {x,t) : 
Rn +i _^ C ^ Assume that 

(1.3) f A(sx)dseM. n 

Jo 

is well defined at almost every x € M™. Moreover, denote by B — B(x) = DA—DA*, 
Bjk = A k j — A 3 k and assume that there exists a unit vector v € S 71 ^ 1 such that 

(1.4) v t B(x) = 0. 
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In addition, assume that 

Ma 
4 

Mi < oo 



(1.5) 
(1.6) 

(1.7) 



< oo 



sup 

te[o,i] 



eW+w^W V 2 (-,t) 



J Pte[o,i]ll w 2(-, t)IUoo ._ jtf < 



(1.8) 



i-r 

e~^u{-, 1) 



< oo, 



L 2 



/or some a, /? > 0. Then, a/3 < 2 implies u = 0. 

Remark 1.2. Among various consequences, conditions (jl.3p . (|1.5[) and (jl.6p imply 
the self-adjointness in L 2 of the hamiltonian Ha '■= — + Vi, with form-domain 
H 1 (W l ), after a suitable reduction to the so called Cronstrom (or transversal) 
gauge (see Section [2.11 and Proposition 12.61 below - ). Hence the Schrodinger flow 
e %tH A j g we ^ (iefingd f or arL y t e M by the Spectral Theorem, and unitary in L 2 , so 
that given u(x, 0) € L 2 there exists a unique solution u e C([0, 1]; i 2 (R")) of the 
integral equation 

u(-,t) = e itHA u(;0)+ f e l ^ HA V 2 (-,s)u(-, S )ds, 



provided (|1.7|) . 

In addition, also the heat flow e tHA is well defined for positive times, and this 
will be used in the sequel. 

Remark 1.3. Notice that no smallness conditions on A, V\, V% are required in the 
statement of Theorem ll.il On the other hand, condition (|1 .4[) naturally comes into 
play once we prove a Carleman estimate (Lemma 14.11 below - ) . which is one of the 
tools to prove Theorem ll.il We remark that we cannot prove the result in dimension 
n = 2, which remains as an open question, since there are no 2 x 2- antisymmetric 
matrices with non-trivial kernel. 

The clearest examples of fields B satisfying our assumptions can be constructed 
as follows. Denote by 



M 2k -i = 



V 



\ 

J 

0/ 



/ J 



M 2k = 



\ 

J 


0/ 



with J 



1 

-1 



and k ^ 2. Now define for n ^ 3 



*(*) - W M n 

and notice that the assumptions of Theorem 11.11 are satisfied. In particular, in 
dimension n = 3 we can identify the above B with 



B(x) = \x\ 2 (-x 2 ,xi,0) = curl 



XlX 3 x 2 x 3 



x 



HARDY UNCERTAINTY PRINCIPLE IN MAGNETIC FIELDS 



5 



This is, as far as we understand, also a quite interesting hint about the fact that 
Theorem 11.11 is presumably not true, in total generality, for any magnetic field B, 
and it will be matter of future work. 

Remark 1.4. The constraint a(3 < 2 in Theorem 1 1.1 1 is far from the sharp a/3 < 4 
obtained in [7. in the magnetic- free case A = 0. Actually, we use here the argument 
introduced in [6], involving the use of a Carleman estimate, which cannot lead 
to a better result. In addition, already at this level, we see the necessity of the 
condition (jl.4l) . which is a quite interesting fact. Presumably, when looking for 
the sharp result, some additional phenomena, involving the presence a non trivial 
magnetic field, should come into play. This will hopefully be matter of future work. 

Theorem 11.11 has several consequences regarding uniqueness of solutions to (jl.ll) . 
both in the linear and nonlinear cases (i.e. V 2 (x,t) = \u(x,t)\ p ), which we will not 
investigate in this paper (see [6l [7] for details). 

The main tool to prove theorem 1 1.1 1 is the following logarithmic convexity result. 

Theorem 1.5 (logarithmic convexity). Let n ^ 2, and consider a solution u £ 
C([0, l};L 2 (« n )) to 

(1.9) d t u = i(A A + V 1 (x) + V 2 {x,t))u 

in W x [0, 1], with A = A(x) : M" M™, Vi = Vi(x) : R n -> R, V 2 = V 2 (x,t) : 
sn+i ^, r Denote by B = B{x) = DA- DA 1 , B ]k = A) - A{ and assume that 



(1.10) 



A(sx) ds e K" 



ana assume 



is well defined at almost every x G R". Moreover, assume that 

(1.11) \WB\\l„ := ^ < oo 

(1.12) || Villi-*, := Afi < oo 



(1.13) 



(1.14) 



sup 

*6[0,1] 



e ( at +3(i- t ))^ V 2 (-,t) 



ttPte[o,i]ll avr 2(-> t )Hi» : = M 2 < oo 



e^u(-,0) + e^"u(-,l) 

L 2 

for some a, (3 > 0. Then, the function 
Q(t) := log 



< oo, 



L 2 



at+P(l-t) 
L 2 



e(at +fi(i-t)) 2 u (-,t) 

is convex in [0, 1]. In addition, there exists a constant N — N(a,f3) > such that 
(1.15) 



L 2 



(1.16) 



e ^t+e(i-t)) 2 u {-,t) 

^ e N[M A +M 1+ M 2 +Ml+M*] e ^ u / j 

| x | 2 

yjt{l - ^e^'+zsd-*))" V A u(x,t) 



ot*+/3(l-*) 

L 2 



■«(.,!) 



at+l3(l-t) 
L 2 



L 2 (R"x[0,l]) 
l-l 2 



LJf 



6 J. A. BARCELO, L. FANELLI, S. GUTIERREZ, A. RUIZ, AND M.C. VILELA 

Remark 1.6. Notice that in this case condition (|1.4[) is not needed; as a conse- 
quence, we can also handle the 2D case, which is included in the statement. We 
finally remark that both Theorems 11.11 and 1 1 . 5 1 hold in dimension n — 1, since in this 
case any reasonable magnetic potential can be gauged away by the Fundamental 
Theorem of Calculus. 

The strategy of the proof of Theorem ll.5l is as follows: 

• by gauge transformation, we reduce to the case in which x ■ A = (see 
section [2Tj) below; 

• we add a small dissipation term which regularizes the solution and gives 
a useful preservation property for the exponentially weighted L 2 -norms of 
the solution (Lemma 12. lOj) : 

• by conformal (or Appell) transformation (see Lemma |2.7|) . we reduce to the 
case a = /3; 

• we prove Theorem 11.51 in the case a = (3 (Lemmata 12.141 [2.16)) ; 

• we translate the result in terms of the original solution, by inverting the 
conformal transformation, obtaining the final result. 

Once Theorem II .51 is proved, then Theorem 11.11 follows as an application of a Car- 
leman inequality (Lemma 14. ip . 

Acknowledgements. The authors wish to thank Luis Escauriaza and Luis Vega 
for some useful discussions about the topic of the paper, and Vladimir Georgiev for 
addressing them to the topic of Section 12.11 below. 

2. Preliminaries 

We devote this section to collect some preliminary results which will be needed 
in the proofs of our main results. 

In order to prove the main theorems in a rigorous way, we need to add a dissipa- 
tion term to equation ([l.lj) , which permits to assure that a gaussian decay at time 
is preserved during the time evolution. For this reason, we study in this section 
some abstract properties regarding the solutions to 

(2.1) d t u = (a + ib) (A A u + V(x, t)u + F(x, t)) , 
with a, b £ R, A = A(x, t) : M" +1 M™, V(x, t), F(x, t) : JfT +1 ->■ C. 

2.1. The Cronstrom gauge. Our first tool is the gauge invariance of equation 
(|2.ip . We need to review some algebraic properties of magnetic Schrddinger oper- 
ators, pointing our attention on the so called Cronstrom (or transversal) gauge. 

Equation (|2.1[) is gauge invariant in the following sense: if u solves (|2.1|) . and we 
denote by A = A + Vtp, with cp = ip(x) : M. n — > R, then the function u — e lip u is a 
solution to 

(2.2) d t u = (a + ib) (A A u + V{x, t)u + e ltp F{x, t)) . 
Indeed, it is quite simple to verify that A^(e i(p u) = e^A^u. 

Definition 2.1. A connection V — iA(x) is said to be in the Cronstrom gauge (or 
transversal gauge) if A ■ x = 0, for any x € R™. 

The following Lemma shows the transformation which permits to reduce a suit- 
able potential to the Cronstrom gauge. 
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Lemma 2.2. Let A = A(x) = (A 1 (x), . . . ) A n (x)) : M™ -> K", for n ^ 2 one 
denote by B = DA- DA 1 E M nxn (R), = A* - A{, and ^(x) := x t B(x) € R". 
Assume that the two vector quantities 

(2.3) / A(sx)dse« n , [ ^(sx)dse«: n 
Jo Jo 

are finite, for almost every x € R"; moreover, define the (scalar) function 

(2.4) tp(x):=x-[ A(sx)dseR. 

Jo 

Then, the following two identities hold: 

(2.5) A(x) := A(x) - Vf{x) = - [ *(sx) ds 



, i 



(2.6) x t DA(x)=-V(x)+ y(sx)ds 



Proof. A simple proof of identity (12.51) can be found e.g. in [12]. For the sake of 
completeness, we write it below. A direct computation shows that 

d f 1 f 1 - 

ifj(x) — — — <p(x) = I A 1 * (sx) ds + I 2_, sx kA k j(sx) ds 
uxj Jo Jo k=l 

pi pi « /-l " 

= / A^ (sx) ds + / sxkA^sx) ds + / sx k Bj k (sx) ds 

Jo Jo u-i Jo , 1 



fe=i " u fc=i 

,i d 



A J (sx)ds + y s—[A j (sx)] ds+ j ^ j (sx)ds. 



o 



Integrating by parts now yields (|2.5j) . 

We now pass to the proof of (|2.6I) . By (|2.5p , we can now compute 

[DA(x)] kj = [D(A-V<p)Mx) 

d f 1 n 

= —q^J o J2 sx h ( A U sx ) - 4 m) ds 

= -J a s(Al(sx)-A^(sx) S j ds-J2j o s 2 x h (^Ai~ A^ k (sx)ds. 



Integrating by parts we obtain 

n 

1 ■? 



DA(x)\ =J2x k [D(A-Vv)] kj (x) 

k=l 

n „i n n „\ 

I sx k (a{(sx) - A^(sx)^ ds - / s2x hXk (a{ - A'^ (sx) ds 

n „i n „i . 

y~] / sx k (Al(sx) - Aj(sxj) ds-S^ s 2 :Efc— A^(sx) - ^(sx) 
fc=1 7o v ' > h=1 Jo ds I J 

^ / sa; fc (^(sx) - A^sa;)) ds - ^ x fe (a{(x) - A^(a 

k=l^° k =l 

which proves (|2.6[) . □ 



s 
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Corollary 2.3. Under the same assumptions of Lemma \2.S\. we have: 
(2.7) x ■ A{x) ee 0, x ■ x l DA{x) = 0. 

Proof. The proof is a quite immediate consequence of (|2.5|) . (|2.6p . and the fact that 
B is an anti-symmetric matrix. □ 

Remark 2.4. Notice that conditions (|1 . 10|) and ([l.lljl in Theorem 11.51 obviously 
imply (I2.3p . hence Lemma |2~21 and Corollary |2.3l are applicable under the assump- 
tions of our main Theorems. 

Example 2.5 (Aharonov-Bohm). The following is possibly the most relevant ex- 
ample of a 2D-magnetic potential for which Lemma 12.21 and Corollary 12.31 do not 
apply. Define the 2D- Aharonov-Bohm potential as 

A{x) = |a;|" 2 (-x 2 ,xi). 

In dimension n = 2, the antisymmetric gradient B = DA — DA 1 is identified with 
the scalar quantity B = curl A = A\ — A\. Writing 

A(x) = V^\o%{\x\\ 

where V is the orthogonal gradient, chosen with the correct orientation, gives 
B = curl A = Alog(|x|) = 2nS. This shows that ty(x) = x t B(x) = 0; if formula 
(|2.5[) were true in this case, it would give that A = 0, which is a contradiction. In 
fact, (|2.3|) does not hold in this case, since A is too singular. 

In similar ways, it is possible to construct such examples of potentials A, in 
every dimension, satisfying x l B = with A ^ 0, which are not in contradiction 
with identity (|2.5p since they do not satisfy 



2.2. Self-adjointness. We now state a standard result about the self-adjointness 
ofH A = -A A -V 1 . 

Proposition 2.6. Let A = A(x) = (A 1 (x) , . . . , A n (x)) : R n -> K'\ Vi = V%{x) : 
R n -> K and denote by B = DA - DA* E M nxn (R), B jk = A) - A{, and 
:= x t B{x) E K n , for n^2. Assume that 



[ A(sx)dseW n \ 
Jo 



(2.8) 

is finite, for almost every x £ R"; moreover, assume that 
(2.9) Fi(x)eL°° x*B(x)ei°°, 

and define A by (|2.5[) . Finally, consider the quadratic form 



q((p,ip) := / Vjip-V^tpdx + J Vitpipdx. 

Then q is the form associated to a unique self-adjoint operator H% — — — V\[x), 
with form domain H 1 (M n ). 

Proof. The proof is completely standard. Indeed, notice that both q and q are 
well defined on H 1 , since Vi € L°° and A £ L°°, thanks to ([2~9]) and Lemma l2~2l 
Moreover, the norm 
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is equivalent to the iJ 1 -norm, for some C > sufficiently large, by the same reasons 
as above; this show that the form q is closed. Finally, the form is semibounded, i.e. 

by the same arguments. In conclusion, the thesis follows from Theorem VIII. 15 in 

M- □ 

2.3. The Appell transformation. Following the strategy in [6], we now introduce 
a conformal transformation, usually referred to as the Appell transformation, as 
another tool for the proofs of our main results. As we see in the sequel, it permits 
to reduce matters in Theorem 1 1.5 1 to the situation in which u(0) and u(l) have the 
same gaussian decay, namely a = p. 

Lemma 2.7. Let A = A(y,s) = {A 1 {y, s), . . . , A n (y, s)) : W l+1 K", V = 
V(y, s),F = F(y, s) : M" -> C, u = u(y, s) : R" x [0, 1] -> C be a solution to 

(2.10) d s u =(a + ib) (A A u + V(y, s)u + F(y, «)) , 

with a + ib =/= 0, and define, for any a, ft > 0, the function 
(2.11) 



u(x, t) 



fap 



v a(l -t)+pt 
Then u is a solution to 



tp 



a(l -t)+pt a(l -t)+pt 



e 4(a + ,b)(c,(l-t) + 3t) 



(2.12) d t u = (a + ib) [ A x u + i — | f"^^^, a ^ u + V(x, t)u + F(x, t) J , 



(a + ib)(a(l - 1) + pt) 



where 
(2.13) 

A(x,t) 
(2.14) 
V(x,t) 
(2.15) 
F(a;,t) 



-.4 



x^/aP 



tP 



a(l -t)+pt \a(l - 1) + fit' a(l - t) + fit 



aP 



-V 



X\JaP 



tP 



(a(l -t) + ptf \a(l -t)+pt' a(l -t)+pt 



lap 



a(l -t) + pt 
P 

<?(*) 



F 



Xy/aP 



tp 



k a(l -t) + pt a(l -t) + pt 
Proof. The proof is basically an explicit computation. Let us denote by 



e 4(a + ib)(o.(l-t) + 0t) 



/i(x, t) 



a(l 

(a-/3)|x| 2 



a 



y = xg(t), 

(a - P)c 



ctg(t) 



4(o + i6)(a(l -t) + pt) 4(a + ib)P 
With these notations, we easily get 
u(x,t) = g%e h u(y,s) 



/(*)!* 



<9 t w = g^e h 



g 2 d s u + 2(a + ib)gV x h ■ V y u + 



(a — /3)c /n 



-.9 



+ h) u 
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On the other hand, we have 



and therefore 



Moreover, 



V x u — g 2 e h {gVyU + uV x h) , 



i 2 e l g\7 y u — V x w — uV x h. 



A x u = g%e h [g 2 A y u + 2gV x h ■ V y u + (\V x h\ 2 + A x h) u] 
g%e h g 2 A y u = A x u- 2V x h ■ V x u + \V x h\ 2 u - uA x h. 

Now expand the operator = (V — iA) ■ (V — iA), in order to rewrite equation 

(j2~TUl) as 

(2.16) 

d s u = (a + ib) (A y u - i(div y A)u - 2iA ■ V v u - \A\ 2 u + V(y, s)u + F(y, s)) ; 
finally, since 



A = gA, dw x A = g 2 div y A, V = g 2 V, F = g% +2 e h F, 
the thesis (12.12)) follows from (|2 . 1 6[) and the above identities. 



□ 



Corollary 2.8. With the same notations of Lemma \2. 7[ denoting by 

fit 



(2.17) 



y 



a(l -t)+Pt' ' a(l - t) + [3t' 



we have, for any 7 € K, 
(2.18) 



e 7M2 w(-,i) 
(2.19) 

e^F{-,t) 
(2.20) 



L 2 



r 1 °n 1 (.c—P)* ]i 12 

gL( as + /3(l-s)) 2 ~ r 4(a 2 +f> 2 )(a s + <3(l-s))J 1 1 u(-,s) 



a/3 



L 2 



l 2 (a(l - t) + fit)' 2 



e L (<.»+«i-»)) 2 4(a^+^)(c« s +3(i-3)) J ri F(-,s) 



]l-l 2 



L 2 



0(1 _ "OeT'-l V; 



(2.21) 



0(1 - f)e 7H |x|u 



L 2 (R"x[0,l]) 

as + /3(1 - s) 
7a? 



»x[0,l]) 



0(1 — S^Uas + Zni-s)) 2 + 4(a 2 4-i, 2 )( Qa + ,3(l- 



(a - fly 
Vi« + — — — ^=u 



2{a + ib)y/aP 



L 2 (K"x[0,l]) 



V K ' as + p(l -s) 



L 2 (R"x[0,l]) 



We omit here the details of the proof of the previous Corollary, which are straight- 
forward after Lemma \2. 71 
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2.4. Logarithmic convexity. We now pass to study, from an abstract point of 
view, the evolution of weighted solutions to (|2.ip with gaussian weights. 



Lemma 2.9. Let u = u(x,t) 



m+i 



A = A(x,t) 

lp = ip(x,t) ■. : 

(2.22) 
where 
(2.23) 
(2.24) 



»n+l 



\ V,F 



pn+1 



be a solution to (|2.1[) where a, b G M, 
— > C, and denote by v := e v u, with 



3TI + 1 



Then 



lives 



d t v = (S + A) v + (a + ib) (V(x, t)v + e p F{x 1 1)) 



S = a(A A + \V x tp\ 2 ) - ^ (A x ip + 2V x tp ■ V A ) + tpt 
A = ib (A A + \Vxip\ 2 ) - a (A x tp + 2V x tp ■ V A ) ■ 



In addition, the following identities hold: 

(2.25) St = 2a (SA t ■ V A + V ' x <p ■ V a ipt) + 26 (3V^ t • V A - V x tp ■ A t ) 

(2.26) 

[S,A]fJdx = {a 2 + b 2 ) (a f V A f ■ DlpVTfdx 



-4/ \f\ 2 V x <p-D x <pV x ipdx-4$ f f{V x ipYB-V A fdx 



263 



fVxPt ■ V^/ dx + 2a / \f\ 2 V x ip ■ V x (p t dx, 



where S t := (d t S), (D 2 x ip) jk = A 2 x (p := A x {A x cp), B — DA - DA 1 , B jk 



A\? — Aj. and [S, A] = SA — AS denotes the commutator between S and A 



Notice that S is a symmetric operator and A is skew-symmetric, with respect to 
the inner product in L 2 . The proof of Lemma l2.9l is based on explicit computations 
and will be omitted. We mention the paper |10j for the computation of [A A , A x ip + 
2V x tp ■ Va]j which is the only term in [S, A] one has to compute with a bit of care. 

We now prove a dissipation result for equation (|2.1[) , which depends on the fact 
that a > 0, and which permits to justify the proofs of the results in the sequel. 

Lemma 2.10. Let -A A be self-adjoint in L 2 and let u e L°° ([0, 1]; L 2 (R")) n 
L 2 ([0, 1]; JJ^R™)) be a solution to 



(2.27) 



d t u = (a + ib) (A A u + V(x, t)u + F(x, t)) , 

n ->■ R n , and V,F 



in K™ x [0, 1], with a > 0, 6 e R, A = A(x) 
Then, for any 7 ^ ; T £ [0,1], we have 



pn+l 



c. 



(2.28) 



-M T 



L- 



< lle^l'l u(-,0)\\ L 2 + Va 2 + b 2 



e a.^iS^) t \' X \ F(x,t) 



L!([0,T];L 2 



Mx := ||a(5RV^) + — 63V A ||ii([o,T] : L°°(R")), 6emg i/ie positive part of XV. 

Proof. The proof is based on a standard energy method. First notice that, since 
—A A is self-adjoint, solutions u £ L°° ([0, 1]; L 2 (W 1 )) DL 2 ([0, l];H 1 (W n )) to (12^271) 
do exist by means of the Duhamel principle. 
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Let v = ef^'^u, satisfying (f2T22|) by Lemma HH Formally, multiplying (|2^2|) 
by v, integrating in dx and taking the real parts, we obtain by (|2.23l) . (|2.24p that 



(2.29) ^IMIL* = ffi J Svvdx + ft | (a + ib) J (\v\ 2 V + e v Fv) dxj 
= -a J \\7 A v\ 2 dx + a J \\7 x tp\ 2 \v\ 2 dx + J f t \v\ 2 dx 
+ 263 / tJV^- V A f + 3?(a + i6) / (\v\ 2 V + e v Fv) dx. 



We can easily estimate 

(2.30) ft{a + ib) J \v\ 2 Vdx ^ \\a(ftV)+ - 6(9fV)|| iOB ||v]||, a 

(2.31) ft(a + i&) / e^FtJdx < V^T^ ||e v F|| L2 ||«|| ia . 
Analogously, by Cauchy-Schwartz we have 

(2.32) 263 J vV x ip -V A vdx ^ a J \V A v\ 2 dx + ^ J \V x tp\ 2 \v\ 2 dx; 
as a consequence, by (|2.29[) and (|2.32j) we obtain 

(2.33) ft J Svvdx < y | + M |V^| 2 +<p t \ \v\ 2 dx, 



(2.34) y(x,t) = ; - ] a 2 ■ u2 J x\ 2 => <p t (x,t) = - (a+— ) \V x if\ 



and the choice 

a + Aj(a 2 + b 2 )t 
gives in turn that 

(2.35) ft J Svvdx < 0. 

By ([2~2U1) . ([2~3"u) . ([2~BT|) . ([235)1 . with the choice ([2~3I)l . we finally obtain 

<2||a(»F)+-i.(3F)|| i .. ||«(-,«)||i,+2 v ^TP||e»F|| iJ ||t.(.,()|| 1 ., 

which implies (|2.28|) . 

In order to make the previous argument rigorous, since the exponentially weighted 
L 2 -norms involved in the integration by parts are not finite in principle, it is suffi- 
cient to work with truncated and mollified weights of the following form: 

, , \(p(x,t), if |x| < R ,„ . 

[ip(R,t), if |x| ^ R, 

6 e (x) being a radial modifier. Then the result can be obtained by performing 
the same computation as above and then letting e go to and R to oo; we omit 
straightforward details. □ 

Remark 2.11. Notice that the dissipation estimate (12.28[) has been proved for sta- 
tionary magnetic potentials A — A(x). In the time-dependent case A = A{x, t), the 
same result would require some additional assumptions on the time derivative A t , 
since we need the self-adjointness property, which at this level seem quite artificial. 
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The next result, proved by Escauriaza, Kenig, Ponce and Vega in |6], is the 
abstract core of Theorem 11.51 It is concerned with the connection between the 
positivity of St + [S, A] and the logarithmic convexity of weighted L 2 -norms with 
gaussian weights. 

Lemma 2.12 (logarithmic convexity). Let S be a symmetric operator, A a skew- 
symmetric one, both with coefficients depending on x and t, f — f(x, t) : M. n+1 — > C 
be a sufficiently regular function, G a positive function, and denote by 



(2.36) H{t)= / \f\ z dx. 
Assume that 

(2.37) \d t f-(S + A)f\^M 1 \f\ + G inl"x[0,l], S t + [S,A] > -M , 
for some M , Mi ^ and 

(2.38) M 2 := sup < oo. 

Then the function ip(t) := log H(t) is convex in [0, 1]. In particular, if 

(2.39) H(0) < oo => H(t) < oo for any t e [0,1], 
then there exist a universal constant N ^ such that 

(2.40) H(t) < e Ar ( Mo+Ml+M2+M i +M ^i/(0) 1 - t i/(l) t , 
for any t € [0, 1] . 

Remark 2.13. The proof of Lemma r2.12l is based on the computation of the time 
derivatives H(t),H(t). An explicit (formal) computation gives 

(2.41) = 2dtSR J ^ dt - S - A)vdx + 2 J v(S t + [S, A])v dx 

+ \\d t v — Av + Sv\\ 2 L 2 — \\d t v — Av — Sv\\ 2 L 2 ■ 

This, together with the computation of the first derivative H(t), shows that, under 
conditions (I2.37p . (|2.38l) . the second derivative ^ log(H(t)) is positive. Assump- 
tion (|2.39[) is then the essential information one needs in order to conclude the 
convexity inequality (|2.40[) . The validity of condition (12.391) depends on an energy 
estimate of the type (|2.28p and needs to be checked each time when Lemma T2.12I is 
applied to explicit operators S, A, as we see in the following results. 
The proof of Lemma 12.121 can be found in [5j [6] . 

We can finally prove the main results of this section. 

Lemma 2.14. Let u G L°° ([0, 1]; L 2 (R n )) n L 2 ([0, 1]; H^W 1 )) be a solution to 

(2.42) d t u = {a + ib) (A A u + V(x, t)u + F(x, t)) , 

in R" x [0, 1], with a>0, beR, A = A(x, t) : R n+1 R n , and V, F : R n+1 C. 
Assume that 

(2.43) x ■ A(x) = = x ■ A t (x). 
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Moreover, let 7 > and assume that 



(2.44) sup ||V(t,-)IU°° := Mi < 00, 
te[o,i] 



sup 
te[o,i 



3^l-l 2 J F(-,t) 



L 2 



ik,*)iu* 

-D^A* and assume 



in addition, denote by B = B(x,t) = D X A 

(2.45) - sup \\A t (-,t)\\ 2 L ^ + 4 7 (a 2 + 6 2 ) sup ||a;*fl(-,t)|| 
7te[o,i] " te[o,i] 

Finally, assume 

(2.46) e 7M2 u(-,0) 



M 2 < 00; 



M 4 < 



e 7l 'U(-,l) 



< 00; 



finally, define H{t) = e 7 ' ' u{-,t) and assume that (|2.39l) holds. Then, H(t) 



L 2 



is finite and logarithmically convex in [0,1]; in particular, there exists a constant 

N = N{"f, a, b) such that 

(2.47) 



H(t) < e 



for any t £ [0, 1]. 



N [M A + Va*+V J {M 1 +M 2 ) + (a 2 +b 2 ) {M\ +M| 



,71-1' 



u(-,0) 



,71-1' 



«(-,!) 



Remark 2.15. Before the proof, we need another remark about condition ()2.39l) 
in the statement. The result ensuring, in concrete situations, the validity of (|2.39|) . 
is Lemma f2. 101 Notice that in the statement of Lemma[2J~4]we work with magnetic 
potentials A — A(x, t) which possibly depend on time, while the time dependence 
is not permitted in Lemma 12.101 In fact, as we see in the next section, in the 
proof of Theorem 11.51 after applying the Appell transformation, a natural time 
dependence of the magnetic potential appears. On the other hand, condition (|2.39|) 
will hold in the the next section as a heritage of the same property before the 
Appell transformation, and no additional assumptions on dt A will be needed. This 
explains why we prefer to assume (|2.39|) in the previous statement without giving 
explicit conditions under which it is satisfied. 



Proof of Lemma \2.14\ We need to check that Lemma 12.121 is applicable. 

Denote again by v = e vlyX ^u, with <p(x,t) = (p(x) :— j\x\ 2 . By Lemma [2.91 v 
satisfies 

d t v = Sv + Av + (a + ib) (V(x, t)v + e v F) , 
where S and A are given by (|2.23|) . ()2.24|) . respectively. We can estimate 



(2.48) 



\d t v-(S + A)v\ < y/a 2 + b 2 (Mx\v\ +e v \F\) [ 



which proves the first of the two conditions in (12.371) . with G :— \J a? + b 2 e v \F\. 
Hence we just need to check the second condition in (|2.37j) . By formulas (|2.25[) and 
()2.26|) with the choice ip{x) — ^\x\ 2 we obtain 

(2.49) 

Jv(S t + [S,A])vdx = 2o9 JvA t -V A vdx-4bj J\v\ 2 x-A t dx 
+ (a 2 + 6 2 )|8 7 J \V A v\ 2 dx + ^ J vx l B ■ V A v dx + 32 7 3 J \v\ 2 \x\ 2 dx\ . 
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The second term at the right-hand side of (|2.49|) vanishes, due to (|2.43p . By 
Cauchy- Schwartz, we can estimate 



(2.50) 



(2.51) 



2a3 / vA t ■ V A vdx 



87(a 2 + 6 2 )3 J vx l B ■ V A v dx 



< -J \A t \ 2 \v\ 2 dx + ja 2 J \V A v\ 2 dx 
<4 7 (a 2 + 6 2 ) J \x l B\ 2 \v\ 2 dx 
+ 4 7 (a 2 + b 2 ) J \V A v\ 2 dx; 



by (pP9)) . ([230)1 , (|23T|) it turns out that 
(2.52) 



v(S t + [S,A})vdx^3j(a 2 + b 2 ) I | V A v\ 2 dx + 32 7 a (a 2 + b 2 ) I \v\ 2 \x\ 2 



-I- sup \\A t \\ 2 Lao + 4 1 {a 2 + b 2 ) sup ||x*.B||£„.] /m : 
\T te[o,i] te[o,i] / J 



dx. 



Neglecting the positive terms in the last inequality, we have proved that 

(2.53) St + [S,A] > -- sup ||At|||oc - 4 7 (a 2 + b 2 ) sup ||x*B||io. = -M A . 
7te [o,i] te[o,i] 

In addition, we have 



(2.54) 



Va 2 + b 2 



sup ■ 

*6[0,1] 



eTl'l F(;t) 



< Va 2 + b 2 M 2 



The thesis now follows by Lemma \2. 121 

In order to obtain a completely rigorous proof of Lemma 12.141 we need a last 
remark. The positive dissipation a > provides the sufficient interior regularity for 
Lemma [2. 101 to hold. In the next section, when we apply Lemma \2. 141 to a concrete 
situation, in order to justify all the above computations we need to work with the 
following multipliers. Given a > and p £ (0, 1), define 



tM 2 , 



if \x\ < 1 
if Id 5s 1 



IT" 2 -a 

and replace tp — 7 |x| 2 by ip a>p = 9 p * tp a , being 9 p a smooth delta-sequence. One 
can easily check that all the above computations are then justified as a limit when 
a, p — > 0. See [5] for further details. □ 

In an analogous way, we prove the following result: 

Lemma 2.16. Under the same assumptions as in Lemma \2.14\ there exists a 
constant N = N fi, a i^_ b i ^ > such that 

(2.55) 

% /f(T^i)eTW 2 V A u(x,t) +7 



l x[0,l] 



< N 



(Mj + VMa + 1) sup e 7M u(-,t) 
te[o,i] 



v/i(l-t)e 7|:r|2 |xk(a;,i) 



>X[0,1]) 



+ sup 
L2 te[o,i] 
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Proof. Denote again by v — e 7 ' 21 ' u; we can hence write 

Consequently, we can estimate 
(2.56) 

Jt(\-t)e'^\ A u(x,t) 

L 2 (R"x[0,l]) 
L 2 (R™x[0,l]) 



+ 7 



x\u(x,t) 



y/t{l-t)\x\v(x,t) 



y/t(l-t)V A v(x,t) 



L 2 (R"x[0,l]) 
L 2 (R™x[0,l]) ' 



By (|2.4ip . we easily estimate 

(2.57) dfi H ^> 2dtSR J ^ dt ~ s ~ -A)vdx + 2 J + A])v dx 

— \\d t v — Av — Sull^a ■ 

On the other hand, integrating twice by parts we get 

r 1 d 2 r 1 

(2.58) / t{l-t)—H(t)dt = H(l) + H(Q)-2 H(t) dt < 2 sup |K,i)|||2, 
Jo dt J Q te[o,i] 

since H(t) 0. Integrating by parts and applying Cauchy- Schwartz and estimate 
(|2~48| , we obtain 

(2.59) 

2 J Jt{l- t)d t m(d t -S-A)v dx dt 
= -2 j J {I- 2t)m(d t -S-A)v dx dt 

>-( sup \\d t v — Sv — Av\\ L i + sup ||u(-,t)||ia ) 
Vte [0,1] te[o,i] / 



-\ \[{a 2 + b 2 )Ml + l) sup M-Mh + i^ + b 2 ) sup e^F(;t) 



te[o,i] 



te[o,i] 



On the other hand, by (|2.52[) we get 
(2.60) 



2 f f t{l-t)v{S t + [S,A])vdxdt^ sup \\v(-,t)\\ 2 L2 

Jo J 3 tg [0,1] 



+ 2 1 (a 2 + b 2 ){ y/t(l-t)V A v 



L 2 (R"x[0,l]) 



y/t(l-t)\x\v 



L 2 (R"x[0,l]) 
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while by (|2.48[) we conclude that 



(2.61) 



dt 



t(l-t)\\d t v-Sv-Av\\l 2 

2 f 1 

sup \\dtv — Sv — Av\\ L 2 / t(l 
te[o,i] Jo 



t)dt 



>--(a 2 +b 2 )\Ml sup |K,t)||£ 2 + sup 
o [ te[o,i] te[o,i] 

Collecting ([2371) . (|2"35)) . ([23^ . (12~^0T) . (|2"3T|) we have 



v/i(l - i)V^ 



L 2 (R"x[0,l]) 

Mf 15 + 2M A 



y/t(l-t)\x\v 



37 12 7 (a 2 + 6 2 ) 



sup ||u(-,i)||t2 + — sup e 7N F(-,t) 



«X[0,1]) 
" 7l'| 2 



L 2 



te[o,i] 



3 7 te[o,i] 



L 2 



which, together with (|2.56p . proves the claim (|2.55p . 

Also in this case, the proof can be made rigorous by a quite standard argument 
in the spirit of the one in Lemma 12.141 □ 

All the tools we need to prove Theorem 1 1 . 5 1 are now ready. 

3. Proof of Theorem 11.51 



For the proof of Theorem ll.5[ we now put together the informations we got in the 
previous Section. It is sufficient to prove the result in the case a < /3; for the proof 
in the case a > ft replace u(x, t) by u{x, 1 — t), while in the case a = (3 the proof 
essentially reduces to Lemma 12.141 and 12.161 (see Remark 13.31 below). Therefore, 
from now on we assume 

a < p. 

We divide the proof of Theorem 1 1 . 5 1 into four steps. 



3.1. Step I: the gauge reduction. Thanks to assumption (|2.43p and Lemma[ 
it is now sufficient to prove Theorem 11.51 for the function u — e llp u, where ip is the 
gauge change defined in (|2.4p . The new potential is A, defined in (|2.5[) . By abuse 
of notations, we will skip the tildes; hence, from now on, the additional (and not 
restrictive) assumption 

(3.1) x-A = 

holds, together with the identities (I2.5p . (|2.6I) . which in our new notations read as 



(3.2) A{x) 



^(sx)ds; x t DA(x) 



&(sx) ds, 



with \E , (x) = x t B(x) = x t (DA(x) - DA l (x)), which also gives 
(3.3) x-x t DA = Q. 

In particular, (II. lip and (|3.2I) also imply that 



(3.4) 



\A\\h 



\x l DA\\ 



+ 11^11 



^M A . 
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3.2. Step II: the heat regularization. We now regularize equation (|1.9|) adding 
a small dissipation term. Denote by 

H A := -A A - Vx 

and rewrite equation (|1.9[) as 

(3.5) d t u = -i{H A u- F(x,t)), F(x, t) := V 2 (x,t)u. 



Since H A is self-adjoint by Proposition 12.61 we can define, by Spectral Theorem, 
the mixed flow e ( e + l ) tH A^ f or an y e > o. This gives, by parabolic regularity, the 
function 
(3.6) 



._ U+i)tH A 



— ^ tH A n 



(t) € L~([0,l];L 2 (K n ))nL 2 ([0,l];ff 1 (R n )) ) 



solving (uniquely) the equation 

id t u e = (e + i) (A A u e + Vi(x)u e + F e (x,t)) 
i« e (0)=«(0), 



(3.7) 



with F e (-,s) 



— i r ttH A 

e+i 



(V2u(-,s)) (see e.g. [T3HT5]). The positive dissipation now 



permits to apply Lemma 12. f 01 which is useful in the sequel to make rigorous the 
applications of Lemma \2. 141 We can now prove the following simple result. 

Lemma 3.1. Denote by 

(3.8) a\ = a 2 + 4e /3 e 2 = [3 2 + 4e. 

The function u e defined in (|3.6[) satisfies the following inequalities: 



(3.9) 

(3.10) 

(3.11) 
(3.12) 

(3.13) 



"u e (.,0) 



L- 



eV»"u(.,0) 



L 2 
■I 2 

e^~u(-, 1) 



L 2 



K(.,i)|| i2 <e^l 



11^0, *)ll 



L 2 



< e 



e (o Et+ ^ ( i-t)) 2 F e (-,t) 



I Villi 



L 2 



K->*)IU 2 
|y 2 |k-||u(-,t)iu 2 
i-i 2 

e ( Qt t+3 £ (i-t)) 2 F 2 (-,t) 



K->*)ll 



/or any i € [0, 1]. 



Proof. Inequality (|3.9[) is immediate. 

In order to prove ()3.10|) . let us introduce the function w(-,t) :— e~ etHA u(-, 1), 
solving the equation 

dtw = —eH A w — e(A A w + V%w). 

Then (|3.10[) follows applying inequality (I2.28|) to w, with 7 := -\ and T = 1. 

To prove (|3~TT|) write u e (-,t) := e etHA u{t) and apply again (pl2"g|) . with 7 = 
and T = t. 



For the proof of (|3. 121) . introduce the function w(-,t) 



— „etH A 



(V 2 u(-,t)) and 



apply again (|2 . 28[) . with 7 = 0, T = t. Finally, by the application of inequality 
(|2.28p to the same function, with 7 = ( at+|8 ( 1 _ t )^ an d T = t, the proof of (|3.13[) 
easily follows. □ 
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3.3. Step III: the Appell transformation. We now apply the Appell transfor- 
mation to the function u e - Let a e ,/3 e be the same as in Q3.8P and define 



(3.14) U e (x,t) 



a £ (l -t)+P,t 



x u f 



ft 



,Oe(l-t) + p e t a e (l-t)+f3 e t 
Since x ■ A = due to step I, by Lemma 12.71 we have that u t solves 

(3.15) d t u e = (e + i) (A x u e + V € (x,t)u € + F e {x,t)^) , 
where 

(3.16) A e (x,t) 

(3.17) V e (x,t) 



VOeA 



a e (l-t)+ftt \ae(l-t)+0et 
a e ft 



(3.18) F e (x,t) 



(a e (l-t)+/3 e i) a \a e {l-t)+f3 e t 

X 



a e (l-t)+(3 e t 
x F, 



ft 



k a e (l -*) + &* ' a £ (l 
In addition, by Corollary I2.8[ for any 7 6 E we have 



( Qg -<3 e )|x| 2 
£ e 4(,+,)(<.,(l-i)W,i) . 



(3.19) e 7M2 M e (-,i) 

(3.20) e^l-l 2 F e (-,t) 



L 2 



H 2 



eL (o,. + /i,(l->)) 2 ' 4(e 2 +l)(o eS + ,3 e (l-s))J 1 1 U e (-,S) 

a e /3 e 



L 2 



l 2 (a e (l - t) + (3 e t) 2 



e [( t . t .+/! ( (l-.)) ;!T 4(« 2 + l)(<» I = + /3 t (l->))j''' Fi.jS) 



L 2 



fol " S - a e (l-t)+p t f 

The goal is to apply Lemma \2. 141 to the function u e . In order to do this, we now 
need two more results regarding the evolution of the L^-norms of u and u e . 

Lemma 3.2. Denote by 

(3.21) Ni :— e su Pte[o,i]l! 9 ' vr 2(-,t)|| L ^ _ 

The following inequalities hold 
(3.22) 

^-\\u(;0)\\ L 2 < \\u(-,t)\\ L 2 ^N^u^O)^ 
iVi 

(3.23) 

±\\u € (.,t)\\ L2 ^e^e^^N.Wui-MlL* (Vi||z- + sup ||F 2 (.,*)|| L ~ j , 
a* « V te[o,i] / 

/or any i € [0, 1], where u is a solution to (|1.9p and M e is ifte function defined in 
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Proof. Formally, multiplying (|1.9|) by u, integrating in dx and taking the real part 
of the resulting identity, (|3.22[) immediately follows. This argument is rigorous for 
solutions u G C([0, 1]; H 1 ); a standard approximation argument permits to conclude 
the same for L 2 -solutions. 

With the same argument, which is now rigorous since u e is in H 1 , by equation 
(|3.15p we easily obtain 

(3-24) | ||5 e (-,t)|| ia < e (\\U,t)\\ L ^ \\u e (;t)\\ L i + ||^(-.*)|| £a ) < 

and by p. 171) we easily estimate 



(3.25) M lt 



i™ ^ te[o,i] {<x e t + /3 £ (1 - t)) 2 



\Vi\ 



8 

< -Mi < oo, 



Mi being the constant defined in (jl,12|) . Taking 7 — in (|3.19[) , since a < 8 we 
get 

\\Ue(-,t)\\ L 2 ^ \\u e (;s)\\ L2 , 

and by the last inequality, together with p. Ill) and (I3.22[) we conclude that 
(3.26) \\u e (-,t)\\ L2 < e^^~ \\u(;s)\\ L2 < e^ v ^°° N, \\u(;0)\\l* ■ 

Arguing in a similar way, by (I3.20[) with 7 = 0, (|3.12[) and (|3.22p we get 
(3.27) 

Fe(;t) r2 < ^ ||F £ (., S )|| i2 < ^ll^ll- ||F 2 (-, S )|| Loo |R,«)|| La 

^P. e AWx\\ L oo sup ||^ 2 (. )S )|| ioo j\Ti|K-,0)|| 
a [teo.i] 

Inequality (|3~23l) now follows from (I3.24[) . (|3.25l) . (|3.26[) and (13.271) . 

We are finally ready to check the applicability of Lemma 12.141 to u e . 
First, taking 7 = -^j- =: j e in (|3.19[) , since a < 8 we get 



L 2 ■ 



□ 



(3.28) 



,7.1-1' 



u e (-,0) 



e"*Tu e (-,0) 



< 00, 



by (|3.9|) and (|1 . 14|) (here we also used the fact that s = when t = 0). 

Analogously, by (|3.10[) . ()1.14|) and the fact that s = 1 when t = 1, we obtain 



(3.29) 



,7*1-1' 



< OO. 



L 2 



Taking now 7 = 7 C in (|3 . 20[) . by (13. 13[) and (|3.22[) we easily estimate 

< £ e e||Vi|U = 



(3.30) e^l'l F e (-,t) 



l 2 a 

On the other hand, taking 7 = in (|3.19l) gives 

( 

(3.31) lim \\u e (-, t)\\ r2 = lim 

e->0 u e->-0 



(QS+ ^ (1 _ S) )^ v 2 (-,s) 



e 4( t 2 +l)( Qea + / 3 £ (l-s)) 1 1 U £ (-,S) 



JVi|K-,0)|| 



K->s)ll 



L 2 ■ 



L 2 



Now, by Lemma [372 
(3.32) 



-\\u e (;t)\\ L ^C, 
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for some C = C [e, a, (3, \\ V x \\ L <*> , \\u(-, 0)|| L 2, sup te[01] || V 2 (-, t)\\ L ^ j and for any 
t e [0, 1]. By (P3T|) and ([3~3"2"]l we hence obtain that 



Il«e0.*)ll£a -> ||«(-,*)|| 



L 2 > 



as e — > 0, uniformly in [0, 1], and in particular, by (|3.22p . there exists < eo 
£o(\\u(;0)\\ L 2,Ni) such that 



(3.33) 



l«e(-,*)ll^ > 



K,Q)II 

1N X 



for any t g [0, 1] and any e € (0, e ). By (|3.30p and (|3.33l) we finally obtain 
(3.34) 

'eT-H s £(.,f) 



M 2 , e := sup 



£i < 2JV?£e«*- sup 
a «e[o,i] 



e(o, s+/ 3 ( i- s ))^ V 2 (-,s) 



< oo, 



by assumptions (|1.12l) . (|1.13l) . for e > small enough; this ensures the validity of 
the second condition (|2. 441) (the first condition in (|2.44[) is quite immediate, thanks 
to (j3~T7| and ([TT2)) ). 

We now pass to condition (|2.45|l . By p.!6p . writing g e (t) := - v /a e /3 £ /(a e (l — t) + 
j3 t t) we explicitly compute 



(3.35) 
(3.36) 
Writing 



d t A e (x,t) = g' e {t) [A(xg e (t)) + g e (t)x* DA(xg e (t))] 
x t B e (x,t) := x l {DA e - DA[){x,t) = fff(t)x* B{xg € (t)). 



and estimating 



sup g\(t) < ^, 
te[o,i] a « 



we easily obtain, using the above identities, (|1.11[> and (I3.4p . 
(3.37) M l£ :=— sup <9 t l e (-,i) 2 + 4 7e (e 2 + 1) sup x t ■ B(-,t) 



le {£[0,1] 



te[o,i 

4(e 2 + 1) 



< — [(a 2 + & 2 )/3 £ 2 + e 2 + 1] M A < oo, 



Ma being the constant in (jl.lip . 

Finally, notice that from p.ip and p. 161) . and from p.3p and p.35p it follows 
that 

x ■ A e = 0, and x ■ d t A e = 0, 

respectively. 

The above argument shows that we can apply the results in Lemmata 12.141 and 
12.161 to obtain 
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(3.38) 



,7.1-1- 



U € (-,t) 



L- 



< e 



w i[ M A, £ +v / ^+T(Mi,«+A^2, 5 ) + (£ 2 + l)(Af 1 2 £ +Af 2 2 e )] 



,7,1-1- 



U e (-,0) 



1-t 



L 2 



,7.1-1' 



«e(-.l) 



L- 



(3.39) 



i 2 (R"x[0,l]) 



^t(l-t)e^ x \ 2 \x\u e (x,t) 



L 2 (R"x[0,l]) 





(M ljC + 1) sup 




+ sup 


e 7 ' N V £ (.,i) 




te[o,i] 




L2 te[o,i] 




L 2 



with iVi an universal constant and N2, e — ^2,e (e>7e) > 0. 



3.4. Step IV: conclusion of the proof. It is now simple to conclude the proof 
of Theorem 11.51 Indeed, it is sufficient to rewrite estimates (|3.38[) and (|3.39p in 
terms of the function u e (t), using Corollary |2.8l finally, (|1.15[) and (|1 . 16[) follow by 
taking the limit as e tends to 0. We omit further details. 

Remark 3.3. In the case a = j3 the same proof as above holds, in a much simpler- 
version. Indeed, in this case it is useless to apply the Appell transformation and 
the proof can be directly performed on the function u e , by means of Lemmata l2.14l 
andEnU 



4. Proof of Theorem 11.11 

Lemma 4.1 (Carleman estimate). Let n > 3, A = A(x,t) : R n+1 — > R", denote 
by B = DA — DA 1 and assume that x l B £ L°° . In addition, assume that 



(4.1) x-A t (x) = 0, vA t (x) = 0, 



v*B(x) = 0, 



for any x € R n and some unit vector v G S n 1 . Then, for any e > 0, /i > 0, 
g = g(x,t) G C^ 3 (W l+1 ), and R > 8^e _2 ||a;*i?|| LOO; the following inequality holds: 



(4.2) 



R JT 
4"V^ 



e^W-^ 2 - ^^ g(x,t) 



L 2 (R n + 1 ) 



M x +m{i-t)v\ — - i67T (d t -iA A )g{x,t) 



L 2 (R"+ 1 ) 



Proof. For simplicity, we can assume without loss of generality that v = e\ 
(1,0,..., 0). Let 

I i r>-i/i j.\ |2 (l + e)H 2 t(l-t) 

f(x,t) :=e Ml-+ffl(i-t)ei| W g(x,t). 

Then we have 

I i j\ |2 (1-f e)K 2 t(l-t) 

(4.3) e ^+Rtd-t) ei \ - < W (d t - i A A ) g = ( dt -S-A)f, 

S and A being the ones in (|2.23j) and (|2.24j) . respectively, with a — and 6 = 1. 
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Following the usual method to prove Carleman estimates (see [H]), we now write 



(4.4) \\(d t -S-A)f\\i 2{Rn+1) 

2 

|£2(gn+l) 

; / / (S t + [S,A])fJdxdt 



(d t -A)f\\ 2 L2(WLn+1) + \\Sf\\ 2 L2{Mn+1) -2^ I I Sf{d t -A)fdxdt 



Applying now (|2.25l) and (|2.26p with the choices a = 0, b = 1, and 

|2 (l + e)RH(l-t) 



tp(x,t) = n\x + Rt{l - t)exY 



16/i 



noticing that V</? ■ A t = by the first two conditions in (|4.1[) . an easy computation 
involving the completion of two squares leads to 

(4.5) 



{S t + [S,A])ffdxdt 



32// / / l/l 



x + Rt(l - t)ei 



R 
16/i : 



rei 



^ I /i/l 2 + /!V.,,/r 



8/x 



R(l - 2t) 



8^ f(x + Rt(l - t)exY B • V A f, 



where = V — iA := (d\, . . . , d\), V a,x' '■— (0, d\, . . . , d^)- Notice that, since 
e[B = and B is anti-symmetric, we can write 

(4.6) 



f(x + Rt(l - t)^) 1 B-V A f = fx l B ■ V A f = fx l B ■ Va/ + % 



R{1 - 2t) 



eif 



fx l B ■ V A ,*f + fx l B ■ [ d\f + i R( \ U) f ] * , . 



(4.7) 



Therefore, by Cauchy-Schwartz and the elementary inequality ab ^ Sa 2 + jgb 2 , with 



the choice S := we can estimate 
(4.8) 

8fJ% [ [ f (x + Rt(l - t) ei y B ■ wij 



< A^Bf^f I |/| 2 + 8 M 1 1 



R(l - 2t) 



+ 8W / \V A , X 'f\' 



In conclusion, by (|4. 5[) and (|4.8[) . neglecting the term with cubic growth in [i we 
get 



(S t + [S,A])ff> 



l/l 2 



The last inequality, together with (|4.3[) . (|4.4[) and the condition R > 8/ie 2 Ha^BH^oo , 
completes the proof of (|4.2[) . □ 



Proof of Theorem With the tools introduced up to now, the proof of Theorem 
II . II is now reduced to a typical argument in the Carleman's spirit. 
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Let u e C([0, l];i 2 (M™)) be the solution to (fl~2|) . As in the first step of the 
previous section, we first reduce to the Cronstrom gauge, passing from A to A by 
means of Lemma T2.2I It is hence sufficient to prove that u = e %v u = 0, where ip is 
given by (|2.4p . From now on, by abuse of notation, we keep calling u the gauged 
function u and by A the transformed potential A, which satisfy identities (|2.5I) . 

Am, (22). 

Now apply the Appell transformation (Lemma 12 - T[) with a = and b = 1 , to 
obtain the new function u in (|2.11[) . satisfying 



d t u = i (a^w + Vuj , 



where A and V are defined by (|2.13l) and (|2.14l) . respectively, and V := V\ + V-x. 
Assumption (|1.8I) then gives that jje 7 ^' u(0)||^2 + |e 7 l a: l"7i(l)|| £ 2 < oo, for any 



7 > 



In addition, by estimates (|3.38p and (|3.39|) . in the limit as e tends to 0, we have 



(4.9) sup 

te[o,i] 



,7l-|' 



U(;t) 



L 2 (R"x[0,l]) 



=: N 7 < oo. 



Now, let R > 8/ie~^ ||a;'i3||Loo , as in the statement of Lemma T4. 11 and let M > 0, 
to be chosen later. Then, localize the function u as follows: let 0M(x),rjR(t) be two 
smooth functions such that 



1 if Id < M 



if \x\ > 2M 



m (t) = i if t e 

and define 



1 1 
R' R 



^(t) = o if t e 
g(x,t) = 9 M (x)T] R (t)u(x,t) 



°4 



u 



It turns out that g solves 

(4.10) (d t - iA x ) g = iVg + 9 M r)' R u - i (2V6» M ■ V^u + uA9 M ) m- 

Assume without loss of generality that the magnetic field B satisfies the condition 
(|1.4p with v = e\. 
Now choose 



(4.11) 



7 



1 



for some fixed small e > 0. Notice that, in the support of the second term of the 
right-hand side of (|4.10[) . we have 



(4.12) 



lx\x + Rt{l -t)ei|' 



(l + e^td-ti^ a + I . 



16/x e 
analogously, in the support of the last term of the right-hand side of (|4.10[) we have 



(4.13) 



[x\x + Rt(l — *)ei|" 



(l + e)R 2 t{l-t) 



^l\x\ 2 + 



1 R 2 



16/i e 

By condition (fL~4"]l with v = a, (|23)l . (|2T7)) . identity with e = and the fact 

that B is anti-symmetric, we get x ■ d t A = = e\ ■ d t A. Hence, applying f|4.2[) to g, 
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by (I4.10[) . (|4.12j) . (|4.13|) and the bounds for 8m, Vr and their derivatives we easily 

get 

(4.14) 



R 



eM | B+ flt (1 -t)»|»-ii±d^i=a ff 



L 2 (R"x[0,l]) 



'4> 









V 










t"x[0,l]) 



2 fl+eVg^tfl-jj 



N e fj_Re^ sup 

[0,1] 



,7l-|- 



+ N e M~ e- 



9 

L 2 (R"x[0,l]) 

{\u\ + \V x u\) 
V 



i2 ( R ' lx [2TT^ 1_ 2Ti]) 

, the first term 



with N e u — Awn/e. Notice that, choosing R > 2N, 

V L°°(R"x[0,l]) 

in the right-hand side of the last inequality can be hidden in the left-hand side 
Moreover, by (|4.9[) . we have that 



(4.15) lim N^M^e^- 

M-y oo 

for any fixed R. Finally, choose 



iv^i) 



o. 



M:=/(e)|, 



for some positive function /(e) such that /(e) < 1 — e 2 and /(e) — > as e tends to 0. 
Notice that g = u in -B/( e )_R/8x[(i-e)/2.(i+£)/2]i m this set, one can easily estimate 

|2 (1 + e)i? 2 t(l - t) 



fj,\x + Rt(l-t)v\ 
R 2 r 



16// 



16/i \ 

Consequently, choosing 
(4.16) 

one obtains that 



2 1 

M > 7 



1 + e 



4 (1 - e 2)2 _ (1 _ e 2)/( e ) 



/t|a; + itt(l — t)v\ — ^0 

in B/( e )fl/8x[(i-e)/2,(i+e)/2]i m which we also have g = u. Comparing f|4. 1 1[) and 
(14.161) . we see that they are compatible if and only if 7 > |, i.e. a(3 > 2, as required 
in the statement of Theorem 11.11 

Therefore, by (14.14[) , and the above considerations, there exist C(7,e),iV 7 , e > 
such that 



(4.17) 



Re c ^- t)R2 \\u(x,t)\\ 



for any R > max{8jue-5|| :E t .B|| i0 o ) 2iVe||V r ||L°°(]R"x[o,i])}- By in Lemma 1X^1 

(I4.9[) and (|4.17[) we now conclude that there exists a constant N = N(j, e, V) 
depending on iV 7 , e and supr 01 i || V||ioo such that 

e c ^ 2 ||u(.,0)|| L2 <JV( 7 ,e,n 
Letting i? tend to infinity, this implies that u = it = 0. □ 
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